Abstract-Recent cosmic ray muon tomography applications use detectors that measure position and direction of the individual muons before and after traversing the imaged object. However, muon reconstruction techniques are limited in resolution due to low muon flux and the effects of a single Coulomb scattering assumption. In the present work, the use of a Bayesian framework and a Gaussian approximation of multiple Coulomb scattering (MCS) is explored for maximum-a-posteriori estimation of the most likely path of a cosmic ray muon traversing a uniform and nonuniform medium and undergoing MCS. Results were generated using a validated Geant4 workspace. The algorithm is expected to be able to predict muon tracks with improved accuracy and to increase the useful muon flux by 30% over a traditional point-of-closest-approach (PoCA) method. The effect of energy loss due to ionization is investigated, and an energy loss relation is derived and validated.
I. INTRODUCTION
Muon tomography using multiple Coulomb scattering (MCS) was proposed and explored experimentally by Borozdin et al., and a number of advantages of muon tomography over conventional imaging modalities were identified [1] . Since then, the use of muons in nonproliferation and verification applications has gained attention due to the inherent advantages of cosmic ray muons and the development of detectors that measure incoming and outgoing trajectories of individual muons [2] [3] [4] [5] . With such knowledge, discrimination between low, medium, and high Z materials can be accomplished, and density maps can be reconstructed with centimeter spatial resolution using iterative reconstruction algorithms. Disadvantages of muon tomography include low muon flux, difficulty in measuring muon momentum, and arguably, the substandard resolution of the available imaging reconstruction algorithms. Recent efforts to explore muon-computed tomography [6] have been limited by the tendency of muons to scatter in a target, thus blurring the image (Fig. 1) . Current algorithms rely on simple assumptions for muon path estimation through the imaged object. One assumption would be to use a straight-line path (SLP) defined by the line between the intersection of the entry and exit path lines. Another commonly used assumption is to calculate the point of closest approach (PoCA).
These disadvantages can be alleviated by estimating the most likely path of the muon and implementing a probability envelope. The estimated muon path will asymptotically approach the incoming and outgoing muon trajectories. This paper explores the use of a maximum-a-posteriori model for estimating the muon trajectory through a material when the incoming and outgoing positions and directions of a muon are known. The algorithm was tested under various scenarios using detailed Geant4 simulations which had been validated in prior work [7] . 
II. MULTIPLE COULOMB SCATTERING
MCS is a random process that tends to change the direction of a muon as it traverses a target, with many individual elastic interactions between the muon and the nuclei occurring without changing the muon momentum significantly. Although the scattering distribution is complex, a Gaussian approximation
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Muon Tomography Applications Stylianos Chatzidakis, Zhengzhi Liu, Joshua J. Jarrell, John M. Scaglione, and Jason P. Hayward has been shown to adequately represent 95% of the scattering distribution; thus, a Gaussian approximation is assumed in what follows. The scattering variance and displacement variance are inversely proportional to the muon momentum due to relativistic effects. The complete calculation takes the energy loss due to ionization into account [7] :
where ߪ ఏ ଶ is the scattering angle variance, ߪ ௬ ଶ is the scattering displacement variance, and ߪ ఏ௬ ଶ is the covariance. X0 is the radiation length, and X is the total depth of the material. in the expressions above, the energy factor, 1/ȕ 2 p 2 , can be rewritten as a function of the muon kinetic energy and the traversed depth, as follows:
where T(x) and Erest are the kinetic and rest mass energy of a muon at location x. Assuming the energy loss and X0 is constant, and initial momentum is p0, then the energy dependent integral for ߪ ఏ ଶ is simplified to:
III. MOST LIKELY PATH ESTIMATOR
To quantify the likelihood of a muon scattering, let y be a vector that contains the displacement and angle of a muon as it traverses an object. The Gaussian approximation of the bivariate scattering distribution at a point j within the material is described by the covariance matrix:
The maximum-a-posteriori probability that a muon will have displacement and angle yj given the exit point is:
where yA is the vector at the entrance point, and yB is the vector at the exit point. Substituting the Gaussian probability distributions and maximizing with respect to y, the trajectory for a muon is obtained.
IV. RESULTS & CONCLUSIONS
The energy loss behavior of the quantity 1/ȕ 2 p 2 as a function of penetration depth was simulated using Geant4. The average value of energy loss as a function of traversed depth for three initial muon energies (3, 5 and 10 GeV) traversing 80 cm of a high-Z object, in this case uranium (Z=92), is shown in Fig. 2 . For the three muon energies, the energy loss is approximately linear, which confirms the reasonable assumption of a constant energy loss per unit length. Subsequently, the average value of the quantity 1/ȕ 2 p 2 was investigated, and the results from the Geant4 simulations were compared with the constant energy loss approximation. The results are in good agreement, within a few per cent. Figure 3 shows a representative muon track in a uniform material with a depth of 10 cm and the associated probability envelopes. The SLP and PoCA lines are also shown. In all cases, the estimated trajectory is in good agreement with the Geant4 simulated muon path. There are cases where the PoCA path is outside the reconstruction boundaries. These trajectories will typically be rejected during reconstruction, reducing the usable muon flux (or imaging efficiency). It was found that 30% of PoCA events are rejected. Using the trajectory estimate, an increase in the useful muons will result in improved resolution and reduced measurement time. Future work will focus on a quantitative comparison between PoCA and maximum-a-posteriori reconstructed images. 
